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Abstract

The evolution of quantum states serves as good fundamental studies in understanding the quan-
tum information systems which finally lead to the research on quantum computation. To carry
out such a study, mathematical tools such as the Lie group and their associated Lie algebra is
of great importance. In this study, the Lie algebra of su(8) is represented in a tensor product
operation between three Pauli matrices. This can be realized by constructing the generalized
Gell-Mann matrices and comparing them to the Pauli bases. It is shown that there is a one-
to-one correlation of the Gell-Mann matrices with the Pauli basis which resembled the change
of coordinates. Together with the commutator relations and the frequency analysis of the struc-
ture constant via the algebra, the Lie bracket operationwill be highlighted providing insight into
relating quantum circuit model with Lie Algebra. These are particularly useful when dealing
with three-qubit quantum circuit problems which involve quantum gates that is derived from
the SU(8) Lie group.
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1 Introduction

Studies of quantum mechanics have become a staple foundation to have a good grasp on the
fundamentals of nature in order to harness those power for future technologies. Some of the
promising applications are the implementation of Shor’s algorithm for prime factorization prob-
lem [14], and implementation of Grover’s search algorithm together with a genetic algorithm for
determining the graph’s planarity [7], [10]. One of the important studies to apply quantum me-
chanics into a physically realizable system is by using group theory. As an example, observables
such as energy, E can only be obtained from the application of operators in SO(n) group to the
quantum states as it ensures the eigenvalues to be real, while the evolution of quantum systems
needed to be governed by operators in SU(n) group to preserve the unit probability of the sys-
tems. Group theory also have wide application in physics, chemistry, andmaterial sciences due to
groups preserving the symmetry properties of the systemwhich leads to invariant property. Some
of the simple objects such as a circle arise naturally from group theory in particularly eiθ ∈ U(1)
where θ traced how the path of the circles. This concept was eventually extended to Lie group by
Sophus Lie in 1884 to encompass ideas of the application of group theory to geometrical objects.
This enable Lie group to have both group and geometry properties, which is particularly useful
as certain mathematics problems in group theory can be recast into geometry or vice versa for
different insights [3, 6, 8, 9, 16].

It is well-known that the Lie algebra is one of the representations of its associated Lie group,
which simplify the calculation and computation of the problems. Using the previous example
of eiθ in Lie group which represents the global symmetry of a circle, its Lie algebra is a real line
representing the local infinitesimal symmetry, which helped to understand the solutions of the
equations. Since Lie algebra is a linear object, it could be constructed by linearly combining its
basis. In particular su(n) Lie algebra is constructed by the corresponding generalized Gell-Mann
matrices. However, the choice of any basis is just the preferences of the user. Thus it would be
possible to construct (or represent) su(n) in another basis such as Clifford + T basis, which is the
augmented Clifford group with T gate. Clifford group is defined as a group of unitaries that nor-
malize the Pauli group, and it is generated byHadamard, S and CNOT gates. In our work instead,
we work on the basis of the tensor product of Pauli matrices for su(2n), as it encompasses the full
space of entanglement for the quantum circuit representation. The motivation behind this repre-
sentation is due to 1) it ismuch easier to compute the tensor product of Paulimatrices as compared
to generalized Gell-Mann matrices, 2) for certain problems (quantum circuit problems), having
Pauli coordinates give better insights in the evolution of states contributed by quantum gates. This
is particularly useful in representing the evolution of the quantum states, U = e−iHt using Rie-
mannian geometry tools. This is done by representing the Hamiltonian,H of the evolution of the
quantum states in terms of Pauli coordinates where U is an element of SU(8) Lie group, andH is
also the respective element for su(8) Lie algebra [4, 5, 12].

In particular, it is explicitly shown that the decomposition of the n-qubit systemwith the tensor
product of Pauli matrices. It is shown to be one-to-one correspondence or just a change of basis to
the generalized Gell-Mann matrices. In line with motivation (2), we, therefore, prepare this work
such that, the proper evolution of quantum states in terms of Pauli coordinates will be properly
understood. To our knowledge, the Lie algebra of d-dimensional qudits system (su(d)) can be de-
composed by the either three differentmatrix bases for example the generalized Gell-Mannmatrix
basis, the polarization operator basis and the Weyl operator basis [2]. From another perspective,
an n-qubit system resembled a 2n-dimensional qudits system will have its associated su(2n) Lie
algebra which can also be decomposed by those matrix bases.

This paper has the following structure. Section 2 describes the general form for SU(n) Lie
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group namely SU(8) and provides the counting method for the number of free parameters for
SU(8). Next the generator for SU(8) is constructed, denoted by su(8) Lie algebra having a well-
known form to be the Gell-Mann matrices. In Section 3, the tensor product of Pauli matrices is
computed as the Pauli basis and they are categorized according to their forms. Relation between
generators of SU(8)with tensor product of Pauli matrices associated with their forms will also be
given in this section. This is followed by highlighting the concept of change of basis and a quick
computation method for respective basis coefficients. Section 4 will be covering some properties
of su(8) on Pauli basis as well as the comparisons with su(2) and su(4) Lie algebra for 1-qubit and
2-qubit system. The final section shall offer a concise recap and conclusion.

2 Construction of the generator for SU(8)

2.1 General form for SU(n)

To construct a general form for SU(8) Lie group, any element of SU(8), should satisfy these
conditions:

1. The diagonals must be real.
2. The diagonals must be traceless.
3. The upper triangle of the matrix must be the complex conjugate of the lower triangle of the

matrix.

These conditions are imposed by the Hermiticity of SU(n). With that, the number of free param-
eters for SU(n) can be calculated:

1. There is 2n2 free parameters due to n× n complex entries of SU(n)matrix.
2. The n diagonals must be real thus removing n free parameters.
3. Due to condition 3., the upper triangle have 2(n2−n)/2 components, where n2−n is obtained

by removing the n diagonals from n2 components of matrix, multiplied by 2 due to complex
component and divided by 2 to remove the lower triangle component. With this condition we
removed 2(n2 − n)/2 components.

4. By applying step 1., 2. and 3. we obtained the number of free parameters for SU(n) Lie group:

2n2 − n− 2(n2 − n)
2

= n2.

5. Finally due to "special" properties ofSU(8) there is an additional restrainswhich is det(SU(n)) =
1 thus removing 1 more free parameters yielding n2 − 1 free parameters.

Given our case are SU(8)we have 82− 1 = 63 free parameters. One of the general form for SU(8)
Lie group, G is as follows:

G =


eiψ1 a1 − ib1 . . . a6 − ib6 a7 − ib7

a1 + ib1 eiψ2 . . . a12 − ib12 a13 − ib13
...

...
. . .

...
...

a6 + ib6 a12 + ib12 . . . eiψ7 a28 − ib28
a7 + ib7 a13 + ib13 . . . a28 + ib28 eiψ8

 .
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With the same "special" condition of SU(8), det(G) = 1which lead to sum of the exponential part
of the diagonal of Gmust be zero, with the following condition:

det(G) = det
(
etX
)
= etTr(X),

where Tr(X) is the trace of matrixX , thus ψ8 = −ψ1−ψ2−· · ·−ψ7 is required. With that, we have
ψ1 to ψ7, 7 parameter, a1 to a28, 28 parameter, b1 to b28, 28 parameter, lead to a total of 7+28+28=63
free parameters.

2.2 Generator construction

Let G be a matrix Lie group. Then the Lie algebra of G denoted g, is the set of all matrices X
such that etX is in G for all real numbers t [8].
Since:

d

dt

∣∣∣∣
t=0

etX = X,

we can obtained the generator, X . For the case of SU(8), its generators is the element of su(8)
where G ∈ SU(8) is generated by linear combination of those 63 free parameters thus having 63
generators, labeled as Xi ∈ su(8), where i = 1, 2, . . . , 63. Thus G can be written as:

G = exp(ψ1X1 + · · ·+ ψ7X7 + a1X8 + · · ·+ a28X35 + b1X36 + · · ·+ b28X63).

Following the above, the 63 generators can be found as such, for the diagonal part, we have:

∂G

∂ψ1

∣∣∣∣
ψ1=···=ψ7=a1=···=a28=b1=···=b28=0

= X1,

...
∂G

∂ψ7

∣∣∣∣
ψ1=···=ψ7=a1=···=a28=b1=···=b28=0

= X7,

and for the off-diagonal real parts, the respective generatorsX8, . . . , X35 can be obtained by taking
partial derivative of respective parameters, a1, . . . , a28. While for off-diagonal imaginary parts,
the respective generators X36, . . . , X63 can be obtained by taking partial derivative of respective
parameters, b1, . . . , b28. Xi, i = 8, 9, . . . , 63 are the generalized Gell-Mann matrices for SU(8),
while Xi, i = 1, 2, . . . 7 can be linearly combined to obtain the diagonal part for the generalized
Gell-Mann matrices for SU(8).

3 Representation of su(8) in Pauli basis

3.1 Pauli basis

Let us start constructing Pauli basis for su(8). Pauli Matrices can be categorized in two groups
which are the diagonals (labeled as D):

I =

(
1 0
0 1

)
, σz =

(
1 0
0 −1

)
,
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and the off-diagonals (labeled as OD):

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
,

Thus the tensor product of Pauli matrices can come in eight forms by permutation as follows:

D ⊗D ⊗D, D ⊗D ⊗OD,
D ⊗OD ⊗D, D ⊗OD ⊗OD,
OD ⊗D ⊗D, OD ⊗D ⊗OD,

OD ⊗OD ⊗D, OD ⊗OD ⊗OD.

A permutation of 4 times for each qubits contribute to 4×4×4 = 64 forms of Pauli matrices. Then
minus one out due to det(SU(n)) = 1 resulting 63 tensor product of Pauli matrices. These form
the Pauli basis for SU(8). As an example, D ⊗D ⊗OD:

0 α 0 0 0 0 0 0
α 0 0 0 0 0 0 0
0 0 0 α 0 0 0 0
0 0 α 0 0 0 0 0
0 0 0 0 0 α 0 0
0 0 0 0 α 0 0 0
0 0 0 0 0 0 0 α
0 0 0 0 0 0 α 0


,

where α ∈ {1, i,−1,−i} being the quaternion. And one of the element fromD ⊗D ⊗OD form is
as followed:

σz ⊗ I ⊗ σy =



0 −i 0 0 0 0 0 0
i 0 0 0 0 0 0 0
0 0 0 −i 0 0 0 0
0 0 i 0 0 0 0 0
0 0 0 0 0 i 0 0
0 0 0 0 −i 0 0 0
0 0 0 0 0 0 0 i
0 0 0 0 0 0 −i 0


.

The full list of su(8) in Pauli basis are as follows:

S(H) =a1I ⊗ I ⊗ σx + a2I ⊗ I ⊗ σy + a3I ⊗ I ⊗ σz
+ a4I ⊗ σx ⊗ I + a5I ⊗ σy ⊗ I + a6I ⊗ σz ⊗ I
+ a7σx ⊗ I ⊗ I + a8σy ⊗ I ⊗ I + a9σz ⊗ I ⊗ I

T (H) =a10I ⊗ σx ⊗ σx + a11I ⊗ σx ⊗ σy + a12I ⊗ σx ⊗ σz
+ a13I ⊗ σy ⊗ σx + a14I ⊗ σy ⊗ σy + a15I ⊗ σy ⊗ σz
+ a16I ⊗ σz ⊗ σx + a17I ⊗ σz ⊗ σy + a18I ⊗ σz ⊗ σz
+ a19σx ⊗ I ⊗ σx + a20σx ⊗ I ⊗ σy + a21σx ⊗ I ⊗ σz
+ a22σy ⊗ I ⊗ σx + a23σy ⊗ I ⊗ σy + a24σy ⊗ I ⊗ σz
+ a25σz ⊗ I ⊗ σx + a26σz ⊗ I ⊗ σy + a27σz ⊗ I ⊗ σz
+ a28σx ⊗ σx ⊗ I + a29σx ⊗ σy ⊗ I + a30σx ⊗ σz ⊗ I
+ a31σy ⊗ σx ⊗ I + a32σy ⊗ σy ⊗ I + a33σy ⊗ σz ⊗ I
+ a34σz ⊗ σx ⊗ I + a35σz ⊗ σy ⊗ I + a36σz ⊗ σz ⊗ I
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Q(H) =a37σx ⊗ σx ⊗ σx + a38σx ⊗ σx ⊗ σy + a39σx ⊗ σx ⊗ σz
+ a40σx ⊗ σy ⊗ σx + a41σx ⊗ σy ⊗ σy + a42σx ⊗ σy ⊗ σz
+ a43σx ⊗ σz ⊗ σx + a44σx ⊗ σz ⊗ σy + a45σx ⊗ σz ⊗ σz
+ a46σy ⊗ σx ⊗ σx + a47σy ⊗ σx ⊗ σy + a48σy ⊗ σx ⊗ σz
+ a49σy ⊗ σy ⊗ σx + a50σy ⊗ σy ⊗ σy + a51σy ⊗ σy ⊗ σz
+ a52σy ⊗ σz ⊗ σx + a53σy ⊗ σz ⊗ σy + a54σy ⊗ σz ⊗ σz
+ a55σz ⊗ σx ⊗ σx + a56σz ⊗ σx ⊗ σy + a57σz ⊗ σx ⊗ σz
+ a58σz ⊗ σy ⊗ σx + a59σz ⊗ σy ⊗ σy + a60σz ⊗ σy ⊗ σz
+ a61σz ⊗ σz ⊗ σx + a62σz ⊗ σz ⊗ σy + a63σz ⊗ σz ⊗ σz

where S(H) consist of one, T (H) consist of two, and Q(H) consist of three Pauli matrices tensor
product respectively, which haveweight of 1, 2, and 3 respectively. The number of generalize Pauli
matrices with weight k computed agreed with the following formula by [1]:

Nk = 3k
(
n

k

)
,

where n is the number of qubits of the system.

3.2 Representing su(8) in Pauli basis

The generator can be represented in the categories of the form in the previous section. The
results are as follows:

Table 1: Categorization of generator of su(8) in Pauli basis forms

Generator
Form

D ⊗D ⊗D D ⊗D ⊗OD D ⊗OD ⊗D D ⊗OD ⊗OD

Real
X1, X2, X3, X4, X8, X21 X9, X16 X10, X15

X5, X6, X7 X30, X35 X31, X34 X32, X33

Imaginary
X36, X49 X37, X44 X38, X43

X58, X63 X59, X62 X60, X61

Generator
Form

OD ⊗D ⊗D OD ⊗D ⊗OD OD ⊗OD ⊗D OD ⊗OD ⊗OD

Real
X11, X18 X12, X17 X13, X20 X14, X19

X24, X29 X25, X28 X22, X27 X23, X26

Imaginary
X39, X46 X40, X45 X41, X48 X42, X47

X52, X57 X53, X56 X50, X55 X51, X54

As an example:

X1 =
1

4

[
(I ⊗ I ⊗ σz) + (σz ⊗ I ⊗ I)

+ (I ⊗ σz ⊗ I) + (σz ⊗ σz ⊗ σz)
]
.
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3.3 Change of Basis from Generator Basis to Pauli Basis

The result in Table 1 shown to have one-to-one correspondence between generator of SU(8)
Lie group and tensor product of Pauli matrices. According to change of basis equation:

yµ = gµνx
ν ,

where yµ, xν , µ, ν = 1, 2, 3, 4 are different Lie algebra basis, gµν is the transformation matrix, Given
the generator of SU(8), the Hamiltonian,H bases transform orthogonally, one can get away with-
out worrying about the distinction between covariant and contravariant part of the tensor, and
also it satisfied the properties of (gµν )−1 = (gµν )

T = gνµ. Let us look at this example:
D ⊗D ⊗OD form generator:
Real part :

I ⊗ I ⊗ σx = X8 +X21 +X30 +X35,

I ⊗ σz ⊗ σx = X8 −X21 +X30 −X35,

σz ⊗ I ⊗ σx = X8 +X21 −X30 −X35,

σz ⊗ σz ⊗ σx = X8 −X21 −X30 +X35.

Let:

y1 = I ⊗ I ⊗ σx, x1 = X8,

y2 = I ⊗ σz ⊗ σx, x2 = X21,

y3 = σz ⊗ I ⊗ σx, x3 = X30,

y4 = σz ⊗ σz ⊗ σx, x4 = X35,

one can rewrite the equations:

yµ = gµνx
ν ,

y1

y2

y3

y4

 =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1



x1

x2

x3

x4

 .

By finding the inverse of gµν one can change the basis of xν which is the generator of SU(8) back
to tensor product of Pauli matrices.

(gµν )
−1yµ = (gµν )

−1gµνx
ν ,

xν = (gµν )
−1yµ,

xν = gνµy
µ,

x1

x2

x3

x4

 =
1

4


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1



y1

y2

y3

y4

 ,
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which is as followed

X8 =
1

4

[
(I ⊗ I ⊗ σx) + (I ⊗ σz ⊗ σx)

+ (σz ⊗ I ⊗ σx) + (σz ⊗ σz ⊗ σx)
]
,

X21 =
1

4

[
(I ⊗ I ⊗ σx)− (I ⊗ σz ⊗ σx)

+ (σz ⊗ I ⊗ σx)− (σz ⊗ σz ⊗ σx)
]
,

X30 =
1

4

[
(I ⊗ I ⊗ σx) + (I ⊗ σz ⊗ σx)

− (σz ⊗ I ⊗ σx)− (σz ⊗ σz ⊗ σx)
]
,

X35 =
1

4

[
(I ⊗ I ⊗ σx)− (I ⊗ σz ⊗ σx)

− (σz ⊗ I ⊗ σx) + (σz ⊗ σz ⊗ σx)
]
.

Note that (gµν )−1 = gνµ, when:

gµν =
1

2


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 = gνµ,

which is different than the one before by a factor of 1
2 . This is still acceptable as the basis are

normalized unit, thus changing the magnitude would not affects the properties of a basis.

From the result, it is shown that all 63 generators of SU(8) Lie group can be represented in
the linear combination of the tensor product of Pauli matrices. All 63 generators have unique
linear combination which is one-to-one correspondence similar to change of basis. Furthermore,
each set of four generators is generated by a set of four tensor product of Pauli matrices by linear
combination. This is due to fixing one of the Pauli matrices while permuting the other two Pauli
matrices will produce four different tensor products with the same form. As for the factor of
differentiating real and imaginary generator come down to the contribution of off-diagonal part,
σx and σy . This further implies the similarity of change of basis. In addition to this, there was no
contribution of I ⊗ I ⊗ I component in any linear combination due to traceless properties of the
generator of SU(8). The results are especially important, as it shown that we could represent the
Lie algebra su(8) one-to-one in Pauli coordinates resembling change of coordinates which greatly
reduced the amount of terms used for representation [12, 5, 4].

3.4 Computation of Coefficient for Respective Pauli Basis

Now that we can represent the generator of SU(8) in Pauli basis, we can find the coefficient for
the respective basis with a mere simple method. The Hamiltonian of the quantum circuit,H is the
generator of SU(8), and σi, is the tensor product of Pauli matrices where i = 1, 2, . . . , 63 represent
the basis, we can compute the coefficient for the respective Pauli basis as follows:

tr(σi.H)

{
6= 0 if σi is its basis
= 0 if σi is not its basis
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4 Properties of su(8) in the Pauli basis

The basis of su(8), are all orthogonal and satisfying:

Tr
(
σ2
i

)
= 8.

Elements of su(8) represented in Pauli basis obey the following commutation relation

[σa ⊗ σd ⊗ σg, σb ⊗ σe ⊗ σf ] =2[(iεabc)(iεdef )(iεghi)(σd ⊗ σf ⊗ σi)]
+ δabδcd(I ⊗ I ⊗ iεghiσi)
+ δabδgh(I ⊗ iεdefσf ⊗ I)
+ δcdδgh(iεabcσc ⊗ I ⊗ I),

where, σa, σb, σc, σd, σe, σf , σg, σh, σi are element of Paulimatrices, δab, δcd, δgh areKroneckerDelta,
and εabc, εdef , εghi are Levi-Civita Symbol. In a more condensed form, we can write as follows:

[σi, σj ] = 2i

63∑
k=1

ckijσk,

with i, j, k = 1, . . . , 63 and ckij is the respective structure constants. It also fulfill the Jacobi identity:

[[σi, σj ], σk] + [[σj , σk], σi] + [[σk, σi], σj ] = 0,

and
Tr(σi[σj , σk]) = 16ickij .

These computation results are in conjunction with the SU(4) Lie group studies done by [13].

For su(8) there exist 63 generators which in this work are represented in the tensor product of
Paulimatrices, thus there are 63×63 commutation relations contributing to 3969 possible structure
constants. Structure constants can come with three possible values which are 1, -1, and 0, and the
frequency of respective structure constants value are as follows:

Let S11 as the notation be defined as square section for row 1, column 1 of commutation rela-
tion table from σ1, . . . , σ63:
The full computation of the structure constants for su(8) can be found in the Appendix. Structure
constants for su(8) are anti-symmetric in nature. From Table 2, it is clearly shown that the one-
qubit with three-qubits and two-qubits with two-qubits commutation relations has the highest fre-
quency of non-commutating Lie bracket operation. This has a correlation with quantum physics
operator theory where useful evolutions or measurements on states require non-commutative op-
erators as it incites entanglement between qubits. Thus it shows the importance of choices of
applications of operators (gates) in a quantum circuit.

Next, let us compare with the lower rank of Lie algebra su(2) and su(4) for one qubit and two-
qubit quantum circuitry:

From the comparison of Table 3, it is clearly shown that as the number of qubits in quantum
circuitry increases, the structure constants space increasingly become larger, scalingwith (2n−1)2.
The percentage of non-zero structure constants over the entire structure constants space dropped,
which indicated non-entangling gates of choices increase as the number of qubits increase.
The entire list of structure constants can be referred fromAppendixA.Note that since the structure
constants themselves are anti-symmetric, thus the table in Appendix A only show one half of the
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Table 2: Breakdown for the frequency of su(8) structure constants

One-qubit with one-qubit:
Frequency 1 -1 0of ckij value
S11 9 9 63

One-qubit with two-qubits:
Frequency 1 -1 0of ckij value
S12, S13, S14 18 18 45
S21, S31, S41

One-qubit with three-qubits:
Frequency 1 -1 0of ckij value
S15, S16, S17 27 27 27
S51, S61, S71

Two-qubits with two-qubits:
Frequency 1 -1 0of ckij value
S22, S33, S44 18 18 45
S23, S24, S34 27 27 27
S32, S42, S43

Two-qubits with three-qubits:
Frequency 1 -1 0of ckij value
S25, S26, S27 18 18 45
S52, S62, S72

S35, S36, S37 18 18 45
S53, S63, S73

S45, S46, S47 18 18 45
S54, S64, S74

Three-qubits with three-qubits:
Frequency 1 -1 0of ckij value
S55, S66, S77 18 18 45
S56, S67 27 18 36
S75

S57 18 27 36
S65, S76

Table 3: Frequency of structure constants value

su(2)
ckij value

1 -1 0
Frequency 3 3 3
% over 9 33.3% 33.3% 33.3%

su(4)
ckij value

1 -1 0
Frequency 60 60 105
% over 225 26.7% 26.7% 46.7%

su(8)
ckij value

1 -1 0
Frequency 1008 1008 1953
% over 3969 25.4% 25.4% 49.2%

structure constantswithout the anti-symmetric counter part. The computation results agreedwith
[1], due to the form for the weight of the commutator [σi, σj ]:

wr = |M −N |+ 1 + 2r,

whereM and N are the weight of σi and σj respectively, such that

r =

{
0, . . . ,M − 1 M ≥ N
0, . . . , N − 1 M < N

.
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From the formula and structure constants computed, we can see that the commutator between
two weight 1 basis will only yield a weight 1 basis, while the commutator between two weight 3
basis can only obtain weight 1 or 3 basis. The only way to obtain the weight 2 basis is by taking
the commutator between weight 1 and weight 3 basis, or between weight 2 and weight 2 basis.
The existence of weight 2 basis enable to generate all weight 1, 2 and 3 basis state, thus showing
the weight 2 state in su(8). This is correlated to [11] that all quantum circuits can be essentially
generated using one-qubit gates and CNOT gates.

5 Conclusion

In summary, the generators for SU(8) Lie group which is su(8) Lie algebra is computed as
the generalized Gell-Mann matrices. We also have computed the tensor product of three Pauli
matrices and categorized them. We then compared both of them and computed the representation
from one to another. The results show to be a change of basis between generalized Gell-Mann
matrices and the tensor product of three Pauli matrices. The structure constants for su(8) are
computed and comparedwith su(4) and su(2), and it shows thatmore qubits resulted inmore non-
entangling gate operations. Thus su(8) can be represented in Pauli coordinates. From the structure
constants of su(8) we can clearly see the importance of the two-qubits gate in a quantum circuit.
Through our frequency analysis for the structure constant for su(8), one can further investigate it
through the tunnel of Cartan subalgebra where it could further analyse the abelian subgroup and
the non-abelian subgroup for the suggestion of gates for quantum circuit problems. On the same
page, one can consider another approach of using Lie symmetry analysis [15] to obtain an exact
solution to the differential equations, further enhancing the analysis for Lie Algebra.
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A Appendix

Structure Constant cki(j) for su(8)

One qubit commutation relation:

cki(j)
value

1 -1 0

S11 c31(2), c
1
2(3), c

2
3(1) c32(1), c

1
3(2), c

2
1(3)

othersc64(5), c
4
5(6), c

5
6(4) c65(4), c

4
6(5), c

5
4(6)

c97(8), c
7
8(9), c

8
9(7) c98(7), c

7
9(8), c

8
7(9)

One qubit with two qubit commutation relation:

cki(j)
value

1 -1 0

S12 c121(11), c
15
1(14), c

18
1(17) c111(12), c

14
1(15), c

17
1(18)

others

c102(12), c
13
2(15), c

16
2(18) c122(10), c

15
2(13), c

18
2(16)

c113(10), c
14
3(13), c

17
3(16) c103(11), c

13
3(14), c

16
3(17)

c164(13), c
17
4(14), c

18
4(15) c134(16), c

14
4(17), c

15
4(18)

c105(16), c
11
5(17), c

12
5(18) c165(10), c

17
5(11), c

18
5(12)

c136(10), c
14
6(11), c

15
6(12) c106(13), c

11
6(14), c

12
6(15)

S13 c211(20), c
24
1(23), c

27
1(26) c211(20), c

23
1(24), c

26
1(27)

others

c192(21), c
22
2(24), c

25
2(27) c212(19), c

24
2(22), c

27
2(25)

c203(19), c
23
3(22), c

26
3(25) c193(20), c

22
3(23), c

25
3(26)

c257(22), c
26
7(23), c

27
7(24) c227(25), c

23
7(26), c

24
7(27)

c198(25), c
20
8(26), c

21
8(27) c258(19), c

26
8(20), c

27
8(21)

c229(19), c
20
9(23), c

21
9(24) c199(22), c

23
9(20), c

24
9(21)

S14 c304(29), c
33
4(32), c

36
4(35) c294(30), c

32
4(33), c

35
1(36)

others

c285(30), c
31
5(33), c

34
5(36) c305(28), c

33
5(31), c

36
5(34)

c296(28), c
32
6(31), c

35
6(34) c286(29), c

31
6(32), c

34
6(35)

c347(31), c
35
7(32), c

36
7(33) c317(34), c

32
7(35), c

33
7(36)

c288(34), c
29
8(35), c

30
8(36) c348(28), c

35
8(29), c

36
8(30)

c319(28), c
32
9(29), c

33
9(30) c289(31), c

29
9(32), c

30
9(33)
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One qubit with three qubit commutation relation:

cki(j)
value

1 -1 0

S15 c391(38), c
42
1(41), c

45
1(44) c381(39), c

41
1(42), c

44
1(45)

others

c372(39), c
40
2(42), c

43
2(45) c392(37), c

42
2(40), c

45
2(43)

c383(37), c
41
3(40), c

44
3(43) c373(38), c

40
3(41), c

43
3(44)

c434(40), c
44
4(41), c

45
4(42) c434(40), c

41
4(44), c

42
4(45)

c375(43), c
38
5(44), c

39
5(45) c435(37), c

44
5(38), c

45
5(39)

c406(37), c
41
6(38), c

42
6(39) c376(40), c

38
6(41), c

39
6(42)

c469(37), c
47
9(38), c

48
9(39) c558(37), c

56
8(38), c

57
8(39)

c499(40), c
50
9(41), c

51
9(42) c588(40), c

59
8(41), c

60
8(42)

c529(43), c
53
9(44), c

54
9(45) c618(43), c

62
8(44), c

63
8(45)

S16 c481(47), c
51
1(50), c

54
1(53) c471(48), c

50
1(51), c

53
1(54)

others

c462(48), c
49
2(51), c

52
2(54) c482(46), c

51
2(49), c

52
2(54)

c473(46), c
50
3(49), c

53
3(52) c463(47), c

49
3(50), c

53
3(52)

c524(49), c
53
4(50), c

54
4(51) c494(52), c

50
4(53), c

51
4(54)

c465(52), c
47
5(53), c

48
5(54) c525(46), c

53
5(47), c

54
5(48)

c496(46), c
50
6(47), c

51
6(48) c466(49), c

47
6(50), c

48
6(51)

c557(46), c
56
7(47), c

57
7(48) c379(46), c

38
9(47), c

39
9(48)

c587(49), c
59
7(50), c

60
7(51) c409(49), c

41
9(50), c

42
9(51)

c617(52), c
62
7(53), c

63
7(54) c439(52), c

44
9(53), c

45
9(54)

572
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cki(j)
value

1 -1 0

S17 c571(56), c
60
1(59), c

63
1(62) c561(57), c

59
1(60), c

62
1(63)

others

c552(57), c
58
2(60), c

61
2(63) c572(55), c

60
2(58), c

63
2(61)

c563(55), c
59
3(58), c

62
3(61) c553(56), c

58
3(59), c

61
3(62)

c614(58), c
62
4(59), c

63
4(60) c584(61), c

59
4(62), c

60
4(63)

c555(61), c
56
5(62), c

57
5(63) c615(55), c

62
5(56), c

63
5(57)

c586(55), c
59
6(56), c

60
6(57) c556(58), c

56
6(59), c

57
6(60)

c378(55), c
38
8(56), c

39
8(57) c467(55), c

47
7(56), c

48
7(57)

c408(58), c
41
8(59), c

42
8(60) c497(58), c

50
7(59), c

51
7(60)

c438(61), c
44
8(62), c

45
8(63) c527(61), c

53
7(62), c

54
7(63)

573
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Two qubit self commutation relation:

cki(j)
value

1 -1 0

S22 c310(11), c
1
11(12), c

2
12(10) c311(10), c

1
12(11), c

2
10(12)

others

c313(14), c
1
14(15), c

2
15(13) c314(13), c

1
15(14), c

2
13(15)

c316(17), c
1
17(18), c

2
18(16) c117(16), c

1
18(17), c

2
16(18)

c610(13), c
6
11(14), c

6
12(15) c613(10), c

6
14(11), c

6
15(12)

c413(16), c
4
14(17), c

4
15(18) c416(13), c

4
17(14), c

4
18(15)

c516(10), c
5
17(11), c

5
18(12) c510(16), c

5
11(17), c

5
12(18)

S33 c319(20), c
1
20(21), c

2
21(19) c320(19), c

1
21(20), c

2
19(21)

others

c322(23), c
1
23(24), c

2
24(22) c323(22), c

1
24(23), c

2
22(24)

c325(26), c
1
26(27), c

2
27(25) c326(25), c

1
27(26), c

2
25(27)

c919(22), c
9
20(23), c

9
21(24) c922(19), c

9
23(20), c

9
24(21)

c722(25), c
7
23(26), c

7
24(27) c725(22), c

7
26(23), c

7
27(24)

c825(19), c
8
26(20), c

8
27(21) c819(25), c

8
20(26), c

8
21(27)

S44 c328(29), c
1
29(30), c

2
30(28) c328(29), c

1
30(29), c

2
28(30)

others

c631(32), c
4
32(33), c

5
33(31) c632(31), c

4
33(32), c

5
31(33)

c634(35), c
4
35(36), c

5
36(34) c635(34), c

4
36(35), c

5
34(36)

c628(31), c
6
29(32), c

6
30(33) c631(28), c

6
32(29), c

6
33(30)

c431(34), c
4
32(35), c

4
33(36) c434(31), c

4
35(32), c

4
36(33)

c534(28), c
5
35(29), c

5
36(30) c528(34), c

5
29(35), c

5
30(36)
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Two qubit with two qubit commutation relation:

cki(j)
value

1 -1 0

S23 c3910(20), c
48
10(23), c

57
10(26) c3810(21), c

47
10(24), c

56
10(27)

others

c3711(21), c
46
11(24), c

55
11(27) c3911(19), c

48
11(22), c

57
11(25)

c3812(19), c
47
12(22), c

56
12(25) c3712(20), c

46
12(23), c

55
12(26)

c4213(20), c
51
13(23), c

60
13(26) c4113(21), c

50
13(24), c

59
13(27)

c4014(21), c
49
14(24), c

58
14(27) c4214(19), c

51
14(22), c

60
14(25)

c4115(19), c
50
15(22), c

59
15(25) c4015(20), c

51
15(23), c

60
15(26)

c4516(20), c
54
16(23), c

63
16(26) c4416(21), c

53
16(24), c

62
16(27)

c4317(21), c
52
17(24), c

61
17(27) c4517(19), c

54
17(22), c

63
17(25)

c4418(19), c
53
18(22), c

62
18(25) c4318(20), c

52
18(23), c

61
18(26)

S24 c4310(29), c
52
10(32), c

61
10(35) c4010(30), c

49
10(33), c

58
10(36)

others

c4411(29), c
53
11(32), c

62
11(35) c4111(30), c

50
11(33), c

59
11(36)

c4512(29), c
54
12(32), c

63
12(35) c4212(30), c

51
12(32), c

60
12(36)

c3713(30), c
46
13(33), c

55
13(36) c4313(28), c

52
13(31), c

61
13(34)

c3814(30), c
47
14(33), c

56
14(36) c4414(28), c

53
14(31), c

62
14(34)

c3915(30), c
48
15(33), c

57
15(36) c4515(28), c

54
15(31), c

63
15(34)

c4016(28), c
49
16(31), c

58
16(34) c3716(29), c

46
16(32), c

55
16(35)

c4117(28), c
50
17(31), c

59
17(34) c3817(29), c

47
17(32), c

56
17(35)

c4218(28), c
51
18(31), c

60
18(34) c3918(29), c

48
18(32), c

57
18(35)

575
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cki(j)
value

1 -1 0

S34 c5519(31), c
58
19(32), c

61
19(33) c4619(34), c

49
19(35), c

52
19(36)

others

c5620(31), c
59
20(32), c

62
20(33) c4720(34), c

50
20(35), c

53
20(36)

c5721(31), c
60
21(32), c

63
21(33) c4821(34), c

51
21(35), c

54
21(36)

c3722(34), c
40
22(35), c

43
22(36) c5522(28), c

58
22(29), c

61
22(30)

c3823(34), c
41
23(35), c

44
23(36) c5623(28), c

59
23(29), c

62
23(30)

c3924(34), c
42
24(35), c

45
24(36) c5724(28), c

60
24(29), c

63
24(30)

c4625(28), c
49
25(29), c

52
25(30) c3725(31), c

40
25(32), c

43
25(33)

c4726(28), c
50
26(29), c

53
26(30) c3826(31), c

41
26(32), c

44
26(33)

c4827(28), c
51
27(29), c

54
27(30) c3927(31), c

42
27(32), c

45
27(33)

576



K. Y. Chew et al. Malaysian J. Math. Sci. 16(3): 559–582 (2022) 559 - 582

Two qubit with three qubit commutation relation:

cki(j)
value

1 -1 0

S25 c2110(38), c
19
11(39), c

20
12(37) c2111(37), c

19
12(38), c

17
10(39)

others

c2113(41), c
19
14(42), c

20
15(40) c2114(40), c

19
15(41), c

20
13(42)

c2116(44), c
19
17(45), c

20
18(43) c2117(43), c

19
18(44), c

20
16(45)

c3010(40), c
30
11(41), c

30
12(42) c2910(43), c

29
11(44), c

29
12(45)

c2813(43), c
28
14(44), c

28
15(45) c3013(37), c

30
14(38), c

30
15(39)

c2916(37), c
29
17(38), c

29
18(39) c2816(40), c

28
17(41), c

28
18(42)

S26 c2410(47), c
22
11(48), c

23
12(46) c2411(46), c

22
12(47), c

23
10(48)

others

c2413(50), c
22
14(51), c

23
15(49) c2414(49), c

22
15(50), c

23
13(51)

c2416(52), c
22
17(53), c

23
18(54) c2417(52), c

22
18(53), c

23
16(54)

c3310(49), c
33
11(50), c

33
12(51) c3210(52), c

32
11(53), c

32
12(54)

c3113(52), c
31
14(53), c

31
15(54) c3313(46), c

33
14(47), c

33
15(48)

c3216(46), c
32
17(47), c

32
18(48) c3116(49), c

31
17(50), c

31
18(51)

S27 c2710(56), c
25
11(57), c

26
12(55) c2711(55), c

25
12(56), c

26
10(57)

others

c2713(59), c
25
14(60), c

26
15(58) c2714(58), c

25
15(59), c

26
13(60)

c2716(62), c
25
17(63), c

26
18(61) c2717(61), c

25
18(62), c

26
16(63)

c3610(58), c
36
11(59), c

36
12(60) c3510(61), c

35
11(62), c

35
12(63)

c3413(61), c
34
14(62), c

34
15(63) c3613(55), c

36
14(56), c

36
15(57)

c3516(55), c
35
17(56), c

35
18(57) c3416(58), c

34
17(59), c

34
18(60)

577
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cki(j)
value

1 -1 0

S35 c1219(38), c
15
19(41), c

18
19(44) c1119(39), c

14
19(42), c

17
19(45)

others

c1020(39), c
13
20(42), c

16
20(45) c1220(37), c

15
20(40), c

18
20(43)

c1121(37), c
14
21(40), c

17
21(43) c1021(38), c

13
21(41), c

16
21(44)

c3125(37), c
32
25(40), c

33
25(43) c3422(37), c

35
22(40), c

36
22(43)

c3126(38), c
32
26(41), c

33
26(44) c3423(38), c

35
23(41), c

36
23(44)

c3127(39), c
32
27(42), c

33
27(45) c3424(39), c

35
24(42), c

36
24(45)

S36 c1222(47), c
15
22(50), c

18
22(53) c1122(48), c

14
22(51), c

17
22(54)

others

c1023(48), c
13
23(51), c

16
23(53) c1223(46), c

15
23(48), c

18
23(51)

c1124(46), c
14
24(49), c

17
24(51) c1024(47), c

13
24(50), c

16
24(52)

c3419(46), c
35
19(49), c

36
19(52) c2825(46), c

29
25(49), c

30
25(52)

c3420(47), c
35
20(50), c

36
20(53) c2826(47), c

29
26(50), c

30
26(53)

c3421(48), c
35
21(51), c

36
21(54) c2827(48), c

29
27(51), c

30
27(54)

S37 c1225(56), c
15
25(59), c

18
25(62) c1125(57), c

14
25(60), c

17
25(63)

others

c1026(57), c
13
26(60), c

16
26(62) c1226(55), c

15
26(57), c

18
26(60)

c1127(55), c
14
27(58), c

17
27(60) c1027(56), c

13
27(59), c

16
27(61)

c2822(55), c
29
22(58), c

30
22(61) c3119(55), c

32
19(58), c

33
19(61)

c2823(56), c
29
23(59), c

30
23(62) c3120(56), c

32
20(59), c

33
20(62)

c2824(57), c
29
24(60), c

30
24(63) c3121(57), c

32
21(60), c

33
21(63)
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cki(j)
value

1 -1 0

S45 c1628(40), c
17
28(41), c

18
28(42) c1328(43), c

14
28(44), c

15
28(45)

others

c1029(43), c
11
29(44), c

12
29(45) c1629(37), c

17
29(38), c

18
29(39)

c1330(37), c
14
30(38), c

15
30(39) c1030(40), c

11
30(41), c

12
30(42)

c2234(37), c
23
34(38), c

24
34(39) c2531(37), c

26
31(38), c

27
31(39)

c2235(40), c
23
35(41), c

24
35(42) c2532(40), c

26
32(41), c

27
32(42)

c2236(43), c
23
36(44), c

24
36(45) c2533(43), c

26
33(44), c

27
33(45)

S46 c1631(49), c
17
31(50), c

18
31(51) c1331(52), c

14
31(53), c

15
31(54)

others

c1032(52), c
11
32(53), c

12
32(54) c1632(46), c

17
32(47), c

18
32(48)

c1333(46), c
14
33(47), c

15
33(48) c1033(49), c

11
33(50), c

12
33(42)

c2528(46), c
26
28(47), c

27
28(48) c1934(46), c

20
34(47), c

21
34(48)

c2529(49), c
26
29(50), c

27
29(51) c1935(49), c

20
35(50), c

27
35(51)

c2530(52), c
26
30(53), c

21
30(54) c1936(52), c

20
36(53), c

21
36(54)

S47 c1634(58), c
17
34(59), c

18
34(60) c1334(61), c

14
34(62), c

15
34(63)

others

c1035(61), c
11
35(62), c

12
35(63) c1635(55), c

17
35(56), c

18
35(57)

c1336(55), c
14
36(56), c

15
36(57) c1036(58), c

11
36(59), c

12
36(60)

c1931(55), c
20
31(56), c

21
31(57) c2228(55), c

23
28(56), c

24
28(57)

c1932(58), c
20
32(59), c

27
32(60) c2229(58), c

23
29(59), c

24
29(60)

c1933(61), c
20
33(62), c

21
33(63) c2230(61), c

23
30(62), c

24
30(63)
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Three qubit with three qubit commutation relation:

cki(j)
value

1 -1 0

S55 c337(38), c
1
38(39), c

2
39(37) c338(37), c

1
39(38), c

2
37(39)

others

c340(41), c
1
41(42), c

2
42(40) c341(40), c

1
42(41), c

2
40(42)

c343(44), c
1
44(45), c

2
45(43) c344(43), c

1
45(44), c

2
43(45)

c637(40), c
6
38(41), c

6
39(42) c640(37), c

6
41(38), c

6
42(39)

c440(43), c
4
41(44), c

4
42(45) c443(40), c

4
44(41), c

4
45(42)

c543(46), c
5
44(47), c

5
45(48) c537(43), c

5
38(44), c

5
39(45)

S66 c346(47), c
1
47(48), c

2
48(46) c347(46), c

1
48(47), c

2
46(48)

others

c349(50), c
1
50(51), c

2
51(49) c350(49), c

1
51(50), c

2
49(51)

c352(53), c
1
53(54), c

2
54(52) c353(52), c

1
54(53), c

2
52(54)

c646(49), c
6
47(50), c

6
48(51) c649(46), c

6
50(47), c

6
51(48)

c449(52), c
4
50(53), c

4
51(54) c452(49), c

4
53(50), c

4
54(51)

c552(47), c
5
53(48), c

5
54(49) c546(52), c

5
47(53), c

5
48(54)

S77 c355(56), c
1
56(57), c

2
57(55) c356(55), c

1
57(56), c

2
55(57)

others

c658(59), c
4
59(60), c

5
60(58) c656(58), c

4
60(59), c

5
58(60)

c661(62), c
4
62(63), c

5
63(61) c662(61), c

4
63(62), c

5
61(63)

c655(58), c
6
56(59), c

6
57(60) c658(55), c

6
59(56), c

6
60(57)

c458(61), c
4
59(62), c

4
60(63) c461(58), c

4
62(59), c

4
63(60)

c561(55), c
5
62(56), c

5
63(57) c555(61), c

5
56(62), c

5
57(63)
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cki(j)
value

1 -1 0

S56 c6237(51), c
63
38(49), c

61
39(50) c6337(50), c

61
38(51), c

62
39(49)

others

c6037(53), c
58
38(54), c

59
39(52) c5937(54), c

60
38(52), c

58
39(53)

c5640(54), c
57
41(52), c

55
42(53) c5740(53), c

55
41(54), c

56
42(52)

c6340(47), c
61
41(48), c

62
42(46) c6240(48), c

63
41(46), c

61
42(47)

c5943(48), c
60
44(46), c

58
45(47) c6043(47), c

58
44(48), c

59
45(46)

c5743(50), c
55
44(51), c

56
45(49) c5643(51), c

57
44(49), c

55
45(50)

c937(46), c
9
38(47), c

9
39(48)

c940(49), c
9
41(50), c

9
42(51)

c943(52), c
9
44(53), c

9
45(54)

S67 c6246(60), c
63
47(58), c

61
48(59) c6346(59), c

61
47(60), c

62
48(58)

others

c6046(62), c
58
47(63), c

59
48(61) c5946(63), c

60
47(61), c

58
48(62)

c5649(63), c
57
50(61), c

55
51(62) c5749(62), c

55
50(63), c

56
51(63)

c4549(56), c
43
50(57), c

44
51(55) c4449(57), c

45
50(55), c

43
51(56)

c4152(57), c
42
53(55), c

40
54(56) c4252(56), c

40
53(57), c

41
54(55)

c3952(59), c
37
53(60), c

38
54(58) c3852(60), c

39
53(58), c

37
54(59)

c746(55), c
7
47(56), c

7
48(57)

c749(58), c
7
50(59), c

7
51(60)

c752(61), c
7
53(62), c

7
54(63)
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cki(j)
value

1 -1 0

S75 c5355(42), c
54
56(40), c

52
57(41) c5455(41), c

52
56(42), c

53
57(40)

others

c5155(44), c
49
56(45), c

50
57(43) c5055(45), c

51
56(43), c

49
57(44)

c5058(45), c
51
59(43), c

49
60(44) c5158(44), c

49
59(45), c

50
60(43)

c5458(38), c
52
59(39), c

53
60(37) c5358(39), c

54
59(37), c

52
60(38)

c5061(39), c
49
62(37), c

51
63(38) c5161(38), c

49
62(39), c

50
63(37)

c4861(41), c
46
62(42), c

47
63(40) c4761(42), c

48
62(40), c

46
63(41)

c855(37), c
8
56(38), c

8
57(39)

c858(40), c
8
59(41), c

8
60(42)

c861(43), c
8
62(44), c

8
63(45)
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